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Abstract. In this paper, we extend the definition of Boolean canalyzing functions to the 
canalyzing functions over finite field F,, where g is a power of a prime. We obtain the char- 
acterization of all the eight classes of such functions as well as their cardinality. When q = 2, 
we obtain a combinatorial identity by equating our result to the formula in [2]. Finally, for a 
better understanding to the magnitude, we obtain the asymptotes for all the eight cardinalities 
as either n — >■ oo or g ^> oo. 



1. Introduction 

In 1993, canalyzing Boolean rules were introduced by S. Kauffman [6] as biologically appropri- 
ate rules in Boolean network models of gene regulatory networks. When comparing the class of 
canalyzing functions to other classes of functions with respect to their evolutionary plausibility 
as emergent control rules in genetic regulatory system, it is informative to know the number of 
canalyzing functions with a given number of input variables [2]. However, the Boolean network 
modeling paradigm is rather restrictive, with its limit to two possible functional levels, ON 
and OFF, for genes, proteins, etc. Many discrete models of biological networks therefore allow 
variables to take on multiple states. Commonly used discrete multi-state model types are the 
so-called logical models [19], Petri nets [18|, and agent-based models [T7]. It was shown in [20] 
and [21] that many of these models can be translated into the rich and general mathematical 
framework of polynomial dynamical systems over a finite field ¥g. (Software to carry out this 
translation is available at http://dvd.vbi.vt.edu/cgi-bin/git/adam.pl). 

In this paper, we generalize the concept of Boolean canalyzing rules to the multi-state case, 
that is, to functions over any finite fields Fg, thus generalizing the results in [2]. We provide 
formulas for the cardinalities of all the eight classes canalyzing functions. We also obtain the 
asymptotes of these cardinalities as either n — )• oo or g — t- oo. 

2. Preliminaries 

In this section we introduce the definition of a canalyzing function. Let F = Fg be a finite 
field with q elements, where g is a power of a prime. If / is a n variable function from F" to F, 
it is well known [11] that / can be expressed as a polynomial, called the algebraic normal form 
(ANF): 

f{xi,X2, • • • = ^ ^ • • • ^ akik2...knXl''^X2''^ ■ ■ ■ Xn" 

fci=0fc2=0 fc„=0 

where each coefficient afc^^j-.-fc^ G F is a constant. The number A:i-|-A;2 + ' ■ is the multivariate 
degree of the term ak^k^.-kn'^x^^^'i''^ ■ ■ ■ Xr^"^ with nonzero coefficient akik2...k„- The greatest 
degree of all the terms of / is called the algebraic degree, denoted by deg{f). The greatest 
degree of each individual variable Xi will be denoted by deg{f)i. Let [n] = {1,2,..., n}. 
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It is shown in [20] that it is no restriction of generahty to consider models in which the set 
of states of the model variables have the algebraic structure of a finite field. The above fact 
that any function F" — > ¥ can be represented as a polynomial makes the results of this paper 
valid in the most general setting of models that are given as dynamical systems generated by 
iteration of set functions. 

We now define a notion of canalyzing function in multi-state setting, which is a straight- 
forward generalization of the Boolean case. 

Definition 2.1. A function f{xi,X2,---,Xn) is canalyzing in the ith variable with canalyzing 
input value a € F and canalyzed output value b € ¥ if f{xi, . . . , Xj^i, a, Xj+i, . . . , a;„) = b, for 
any {xi,X2, . . . ,x„). 

In other words, a function is canalyzing is there exits one variable Xi such that, if Xi receives 
certain inputs, this by itself determines the value of the function. For the purpose of the proofs 
below we will need to use families of canalyzing functions for which part of the specification is 
fixed, such as the variable Xi or a or 6 or some combination. For ease of notation, we will refer 
to a canalyzing function just as canalyzing if no additional information is specified. A function 
that is canalyzing in variable i with canalyzing input value a £ ¥ and canalyzed output value 
6 S F will be referred to as < i : a : 6 > canalyzing. 

We introduce an additional concept. 

Definition 2.2. f{xi,X2,---,Xn) is essential in variable Xi if there exist r,s £ ¥ such that 

fiyX\, . . . , Xj—i , r, , . . . , Xn) 7^ /(xi , . . . , Xi—1, S, , . . . , Xn) ■ 

Example 2.3. let q = 5,n = 3. f{xi,X2,X3) = 2{xi — 3)'^(a;i — 2)x2 + 1. Then this function is 
essential on xi and X2 but not essential on x^. It has algebraic degree 5 with deg{f)i = 4 and 
deg{f)2 = 1. Note that f is canalyzing in xi with canalyzing input value 3 and canalyzed output 
value 1, i.e. f is < 1 : 3 : 1 > canalyzing. Note that f is also < 1 : 2 : 1 > and < 2 : : 1 > 
canalyzing. Since f is not essential in x^ it cannot be < 3 : a : b > canalyzing for any a,b £¥q. 

If a function has exactly one essential variable, say Xi, then its ANF is 

/ = aq-ix1~^ + ... + aiXi + oo 

there exist a j > 1 such that aj ^ 0. There are q'^ — q many such functions since all the constants 
should be excluded, ^{q'^ ~ q) = ~ 1 many of them have fixed canalyzed value b for any 
5 € F since each number is equal. In total, there are n{(f~^ — 1) many one essential variable 
canalyzing function with fixed canalyzed value b for any b since there are n variables. 
There is only one constant function with fixed canalyzed value which is itself. 

Notation 2.4. For i S 0, 1, . . . , n and a,b €¥q we will use the following notation, 

C* J.' The set of all functions that are canalyzing in the ith variable with canalyzing input value 

a and canalyzed output value b. 

CI i^: The set of all functions that are canalyzing in the ith variable with some canalyzing input 
value in ¥q and canalyzed output value b. 

C* The set of all functions that are canalyzing in the ith variable with canalyzing input value 
a and some canalyzed output value in Fg . 

C*fj: The set of all functions that are canalyzing on some variable with canalyzing input value a 
and canalyzed output value b. 

CI The set of all functions that are canalyzing in the ith variable with some canalyzing input 
value in ¥g and some canalyzed output value in ¥g. 

Ca * .■ The set of all functions that are canalyzing on some variable with canalyzing input value a 
and some canalyzed output value in ¥q. 
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C*^; The set of all functions that are canalyzing on some variable with some canalyzing input 
value in Fg and canalyzed output value b. 

C**-' The set of all functions that are canalyzing on some variable with some canalyzing input 
value in Fg and some canalyzed output value in ¥q, i.e., this set consists of all the canalyzing 
functions. 

We have the foUowing propositions. 

Proposition 2.5. C* flQba ~^ whenever bi 7^ 62- 

Proposition 2.6. C*^j,^ V\^^*b2 ~ ^ whenever bi 7^ 62 and ii ^12- 

Proof. Let / € C*^^^ f] C^^j^^ , then there exist ai such that the value of / should be always 61 if 
we let Xj^ = ai. Similarly, there exist 02 such that the value of / should be 62 if we let Xi^ = 02- 
But bi ^ b2, a contradiction. □ 

With the above notations, we have 

^*,* = UfeGF^*,fe ~ UaGF^a,* ~ UiG[n] ^*,*! 
^l,b ~ UjG[n] ^l,b ~ UaGF^jb' 
Q,* = UfeGF^a,fe = Uie[n] ^a,*) 

= UaeFQ,6' 
Q,* = UfceF 
'^a,b — Uie[n] 

For any set S, we use \S\ to stand for its cardinality. We use C{n,k) = f^\jj^'_f.y^ to stand for 
the binomial coefficients. 

Obviously, for the above notations, the cardinality are same for different values of i, a and b. 
In other words, we have |Q ;,J = jC^^^^^J, IC^ J = |C^,c|, |C* J = |C*^| and etc. 

3. Characterization and enumeration of canalyzing functions over F 

Similar to [1] we have 

Lemma 3.1. f{xi,X2, is < i : a : b > canalyzing iff 

f{X) = f{xi,X2, Xn) = (xi - a)Q{xi,X2, ...Xn) + b. where deg{Q)i <q-2. 

Proof. From the algebraic normal form of /, we rewrite it as / = xf~^ gq-i[Xi)-'rxf~'^ gq-2{Xi)--- + 
Xigi{Xi) + go{Xi), where Xi = (xi, Xj-i, x^+i, x„). Using long division we get f{X) = 
f{xi,X2, Xn) = (xj - a)Q{xi ) + r{Xi). Since f{X) is < i : a : b > canalyzing, we 

get f{X) = /(xi, ...Xi_i,o,Xi+i, ...,x„) = b for any (xi, X2, ...x„), i.e.,r(Xi) = b for any Xi. So 
r{Xi) must be the constant b. We finished the necessity. The sufficiency is obvious. □ 

The above lemma means f{X) is < i : a : 6 > iff (xj — a)\{f{X) — b). 
Now we get our first formula. 

Lemma 3.2. For any i € [n] , a, 6 € F, there are qr"?"-?" ^ many < i : a : b > canalyzing 
functions. In other words, |C* = q^"~^" . 

Proof. In Lemma l3. 11 Q can be any polynomial with deg{Q)i < q — 2. Its ANF is 

I]fc7=o ••• Sfc~=o •■• Z]fc~=o '^*:i'=2...fcn^i'^^2;2'^^...x„'^". Since each coefficient has q many choices 
and there are (g — = q^ — q^~^ monomials, we get what we want. □ 

Because = UfeGF^fe' Proposition 12.51 we get 



4 YUAN LI, DAVID MURRUGARRA, JOHN O. ADEYEYE , REINHARD LAUBENBACHER 

Corollary 3.3. = q{q'^"-^"'') = q^"-i"~'+^ 



Lemma 3.4. For any {ai,a2, ...,ak} C F, f{X) G fljtiQ^,;, € 

f{X) = f{xi,X2, .■.,Xn) = (n.j=i{xi - aj))Q{xi,X2, ...,Xn) + b, where deg{Q)i <q-k-l. 

Proof. From Lemma [3. 11 we know (xj — aj)\{f{X) — h) for j = 1, 2, ...k. So is their product since 
they are pairwise coprime. □ 

Lemma 3.5. |nj=iQ^,,fc| = g'?"-'^^""' for any {ai, ag, a^} C F. 

Proof. This is similar to the proof of Lemma 13.21 by Lemma 13.41 □ 

Note: li k = the above number is 1. This is because it means (xj — aj)\{f{X) — h) for all 
the Oj, j = 1,2, i.e., {xl - Xi)\{f{X) - 6), where xl - Xi = Y\a&i^i ~ «)• So f{X) -6 = 
which means f{x) = b. 

Theorem 3.6. For any i e [n], 6 € F, J = | UaeF^.J = l"" " (9^" ' " I)''- 
Proof. By Inclusion and Exclusion Principle, we have \Cl ^\ = lUaeF^fel ~ 

+ (-1)'-' Ew,a„...,a,}cF I n •=! Q,,,! + •.• + ("1)''-^ = C{q, l)g«"-«"-^ - 

C((?,2)(7'?"-2'?"-' + (-l)^C(<?,fc)(7''"-^^'?"~' + ... + 1 = ELi(-l)'^''C'('?'^)9'""'"'"~' = 

9"" El=ii-C{q,k){-q~''"'')'') = q''"{l - (1 - = q"" - {q""'' - 1)". □ 

Similarly, 

Lemma 3.7. For any {ii,i2, ■■■,ik} C [n], f{X) € 0^=1 C*'^ i# 

/(X) = /(xi,X2, ...,x„) = iHj^iixi^ - a))Q{xi,X2, ...,Xn) + b, where deg{Q)i. < q - I, 
J = 1,2,..., A:. 

Lemma 3.8. | fl^tiCj,! = ^(^-i)'^""' for any {zi,i2, C [n]. 

Theorem 3.9. jQJ = Ei<fe<n(-1)''"''^(^' • 

^'^^'^Z- IQ.fel = I UiG[n] Q,6l = I]l<i<n ~ Hl<i<j<n \'^l.,b^'^i,b\ + ••• + 

( — l)'"" ^ Z]l<ii<ji...<jj.<n I 0^=1 + ••• + "^1 0^=1 C^fcl = 

C(n, l)g(''-i)3""' - C{n, 2)q(i-^^''i"'' + ... 

+(_l)fc-iC(n, A:)^?^^-!)'^"-* + ... + (-l)"-ig(9"ir = Ei<fc<n(-1)*^~^C'K □ 
Corollary 3.10. IQJ = Ei<fc<n(-l)'-'^^(^, ^)'/^''-'^'''""' 

Proo/. C* ,, = UbGFQb' we need to show C* ,,^ nC*,,,^ = if 6i / 62- Suppose / e C*b^ flCfea' 
then there exist h and i2 S ["-] such that / e flC^ba '^^'^'^^ '"a.fe ^ UiG[n]Q,fe- ^1 = ^2, 
we get a contradiction by Proposition 12.51 If ii 12, we get a contradiction by Proposition 12.61 
since C, C Ct', and Ci\ C Cl\ □ 

Now, we are going to find the formula for the number of all the canalyzing functions with 
given canalyzed value b. In other words, the formula of |C*^|. 

Let Sh = {Qf,!^ € [n],a € F} for any 6 € F. By Inclusion and Exclusion Principle , we have 

K,\ = IUe[„]C:,,| = IUe[„] UeFQ,J = Efcli(-l)'-'iVfc, where = E.c5„N= J flTes ^1- 
In order to evaluate N^, we write all the elements in Si, as the following n x q matrix. 
, , , 

ai,b a2,b aq,b 
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ai,b a2,b aq,b 



"^ai,fe '~'a2,b ^ag,b 

For any s C St, with |s| = k, we will chose k elements from the above matrix to form s. 
Suppose ki of its elements are from the first row (there are C{q, ki) many ways to do so). Let 
these ki elements be Cl f,,C^,oi ■■■Xl k- 

^ ail,o' 0112' ' aifcj ,0 

Suppose k2 of its elements are from the second row (there are C{q,k2) many ways to do so). 
Let these k2 elements be Cl^^ f^,Cl^^,...,Cl^^^ f,. 

Suppose kn of its elements are from the last row (there are C{q, kn) many ways to do so). Let 
these kn elements be h,CJ} ^, ...,C" , . 

ki + k2 + ... + kn = k,0 < ki < q,i = 1, 2, n. 
Similarly to lemma [331 we have 

Lemma 3.11. / € fires ^ iff f = QiUtii^i " al^))(^^il(^2 - a2^))...{Utli^n - ant)) + b, 
where deg{Q)i < q — ki — l,i = 1,2, n. 

Similarly to Lemma |3.5| we have 

Lemma 3.12. | fires ^1 = g(''-fci)(9-fc2)...(g-fc„). 

Hence, 

Nk= Yl ^(9' ^l)C(^' k2)...C{q, A;„)g('?-'=^)(''-^2)-('?-^"). 

ki+k2+...+kn=k 

We get 

Theorem 3.13. For any b G F, we have 

nq n 
k=l ki+k2+...+kn=k 3=1 

In summary: For the following eight different classes of canalyzing functions, 

Q,*' ^*a,b^ ^l,*^ Q*' ^**,b^ C,* We have found the cardinality of all except for Q „ 
and C*^. We need more characterizations. We have 

Lemma 3.14. Given {oi, 02, a/c} C F and {61, 62, fefc} C F, Then f € flj=iC*j. b^. W 
f = Qk{X)Yl^^i{xi - aj) + Ak-i Yl^Ziixi - aj) + ... + Ai{xi - ai) + Aq. where Aq = bi, at £ F, 
At is determined by ai, aj+i, 61, foj+i, t = 1,2, k — 1. deg{Qk)i < q — k — 1. 

Proof. For the necessity, we use induction principle. 
For A; = 1, it is true by the definition and Lemma |3. II 

/ G fl^^iQ^, j,^. implies / e fl^^^Q^, j,^., by the assumption, we have / = Qk~i{X) H'^Zlixi - 
aj) + Ak_2Y\jZl{xi - aj) + ... + Ai{xi - ai) + ^o- 
Since / € Q^ ,,^, we get 

f{xi, ...,Xi-i,ak,Xi+i, ...,Xn) = Qk-iW)Zi{ak-a.j) + Ak-2\]!^Zl{ak-aj) + ... + Ai{ak-ai) + 
Aq = bk for any X = {xi, Xj-i, a^, Xj+i, Xn). In other words, 

Qk-i{xi, ...,Xi_i,ak,Xi+i, ...,Xn) = Ak-i for any X = {xi, Ofc, Xj+i, ...,Xn). 

So Qk-i G Cl^^Ak^i- LemmaETH we have Qk~i = (xi - ak)Qk + ^fc-i, 

/ = Qk-i{X) WjZli^i - aj) + Ak-.2l\jZl{xi - aj) + ... + Ai{xi - ai) + Aq = 

= {{xi - ak)Qk +^fc-i) ll'^jZlixi - aj) + Ak-2l\''jZl{xi - aj) + ... + Ai{xi - ai) + ^0 = 
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= Qk{X) l\^=i{xi - aj) + ^fc„i nj=i(^i - «i) + ••• + - «i) + ^0- 

We finish the proof of necessity. 

When Xi = ai, we have f = Aq = bi, so f G C* ^ . 

When Xi = 02, we set / = ^1(02 — ai) + Aq = b2, we get a unique solution for Ai such that 
When Xi = ak, we get a unique solution for Ak-i such that / € C*^ In summary, / G 

From the above Lemma, we immediately obtain 
Lemma 3.15. | p;^^! Q^.^^J = g^'"^)^""' given {ai, 02, ...,ak} c¥ and {61, 62, C F 

Li order to evaluate |C* ^,|,we need to generalize Lemma [3. 141 

To save space, we just focus on the cardinality in the following lemma. 

Lemma 3.16. an, ai2, ...aifc^ ; 021, 022, •••02^2,; ; Ori, 0^2, •••Orfcr are ki + k2 + ■.■ + kr distinct 

elements of¥, {61, 62, 6fc} C F. Then 

m-u a,,.,) n(n -ii q,,,,,) n(n -li = g^-'^-'^— -m.-- 

Proo/. By LemmaES / € fl'Li iff / = Q(^) niii(^. " aij) + 61, de5(Q)^ < g - fei - 1, 

i.e., we have 

n-lA^M = {Qi^)U'Lli^^ - + h\yQ,deg{Q)i <q-ki-l}. 

Let / e n'=iQ^^,,^, then / = Q{X)U%M - aij) + hi. If we also have / e let 
Xi = 021, we get 

f{xi...,Xi-i,a2i,Xi+i,...,Xn) = Q{xi...,Xi_i,a2i,Xi+i, ...,Xn)l\jL^{a2i -aij) + bi = 62 for 
any (xi... ). The coefficient niii('^2i — o-ij) is nonzero, so we can solve for 

Q and get Q G C*^^ for some Ai £ F. Hence we can write 

Q = {xi - a2i)Qi + Ai, i.e., f = {xi - a2i)(5i Hjiil^i " + where 0{xi) is a 

one variable polynomial whose coefficients are completely determined by aij,bi, deg{Qi)i = 
deg{Q)i - 1, deg{0{xi)) < ki. 

Obviously, we can repeat the above process, to get 

/ e (atiq^,,,,)n(atiq^^,,j (Katia,,,.) iff 

/ = QiU%iixi - aiMU%ii^i - a2j)).:{U%iixi - Ori)) + Oixi). Where degiQ), < q - 
ki — k2 — ... — kr — 1 and 0{xi) is a uniquely determined polynomial of Xi and deg{0{xi)) < 
ki + ... + kr — I. Hence, we know the cardinality is gCQ-'^i-'^a-.-.-fcr)?" \ □ 

Now, we are ready to find the cardinality of CI ^. We have 
Theorem 3.17. 

k=l ki + ...kg=k,0<ki<q^^^'^'^^""^^^' 

Proof. Cl^^ = UfegF^.b ~ UfeGFHaeFQ.fc- 

Let 5, = {C;,|a,6 e F}, we get |C;J = Ef=i(-l)'-'A^fc- Where iV^ = E.cS.N=fc I fires ^1- 
In order to evaluate Nk, we write all the elements in Si as the following qx q matrix. 

ni pi ni 
'^ai,bi'-'a2,fei"-'^a,,bi 
ni ni ni 
^a^,h2^a2,h2---^ag,h2 
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ni ni pi 
ai,bq^a2,bq" '^a, ,bq 

For any s C Si with |s| = k, we will chose k elements from the above matrix to form s. 
Suppose ki of it elements are from the first row (there are C{q, ki) many ways to do so). Let 
these ki elements be C* l ,C* , , ...,C* . . 

^ ail, 01 ' ai2,oi' ' aik-^M 

Suppose k2 of its elements are from the second row, we must chose these elements from 
different columns, otherwise the intersection will be (p by Proposition [23] (there are C(q — fci, ^2) 
many ways to do so). Let these k2 elements be Q2i,62''^a22,b2' •"'^aafc ,62 



Suppose kg of its elements are from the last row (there are C{q — k\ — k2 — ... — kq-\, kg) many 
ways to do so). Let these ka elements be C* !, ,C h , - --^Cl , . 

J I <J aql,bq^ aq2,bq^ ' ttqkq ,bq 

ki + k2 + ... + kg = k, < ki < q, i = 1,2, q. 

Nk = j:scS.,\s\=k\nTesT\ 

= Y.ki+...+kq=k,o<k,<q C{q, ki)C{q - ki,k2)...C{q -ki- ... - kg-i, kq)Ik^k2...kq, where 

ik.k2...kq = m-u a,,.,) n(n -ii q,,,,,) n(n -ii q,,,.,)|. 

By Lemma |3.16| we know Ikik2...kq = q^^~^'^~^^~---~''i^i" = qii-f')i" ^ this number is zero if 
A; > g. 

A straightforward computation shows that 

C{q, ki)C{q - ki, k2)...C{q - ki - ... - kg^i,kg) = k^^k2\..iq\{q-k)\ - 
Hence, we get |C:,,| = Ef=i(-l)'~'A^fe = ELi(-l)''"'^fc = 
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^ ki\k2l...k„\{q-k)\'^ 

k=l ki+...kq=k,0<ki<q ^ ^ ^ 
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,,yM)!:V__ y - 

^ ^ (q-kV. ^ kx\k2\...kg\ 

k=\ ' ki+...kq=k,0<k^<q ^ ^ 



k~lJq~k)q" 



Now we begin to evaluate |C*^|. We have 
Theorem 3.18. ^ 

= Y^^-if^^Uk + J](-i)'=-Vfc. 

k=l k=l 



□ 



nq 



where 



hlt2\...tg]iq-k)l 

I 



ti+t2+...+tq=k,0<U<q 

nql (g_k)gn-l 



E 



(q-k)r ^ tx\t2\...tq\ 

' ti+t2 + ...+tq=k,0<ti<q ^ y 

n 

Vk = q J2 (n^(«'%))«"^^^^'"'^^ 

ki+...+kn=kfl<ki<k-l,0<ki<q j=l 

Proof. First C;, = U.^N UaeF UbeF Let S = {Q G [n], a, 6 G F}, 

then |C;,| = Eltii-'^)'-'Nk, where Nk = E.c5,N=fc I fires ^1- 

We write all the nq'^ elements of S as the following n many q x q matrices. 

ai,6i ai,62"' ai,bq 
12,61 02,62 "12,69 
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aq,bi aq,b2'" aq,bq 

We call this matrix Mi. 

ai,6i ai,b2 '■ ai,b<} 
n2 n2 n2 
^a2M a2,h2^^ a2,hq 



aq,b\ aq,b2"' aq,bq 

We call this matrix M2. 



ai ,bi ^ai ,62 ■ ■ 11 ,bq 
nn nn nn 

a2,bi o.2,b2" o.2,bq 



nn nn nn 
^aq,biaq,b2" aq,bq 



We call this matrix M„. 

We combine all the above Mj, i = 1,2, ...,n. to form a nqx q matrix M whose first q rows are 
Ml, the second q rows are M2,..., the last q rows are M„. 

We are going to chose k elements from M to form the intersection. In order to get a possible 
non empty intersection, we know all these k elements must come from either the same Mj(for 
some fixed i) or all of them from the same column of M by Proposition 12.61 Inside the fixed 
Mi, each elements must come from different rows by Proposition 12.51 

Hence, a typical intersection either looks like the one in Lemma 13.161 or the one in Lemma 
13.111 But these two cases are not disjoint. 

Suppose we chose ki elements from Mj, i = l,2,...,n, ki + k2 + ... + kn = k, < ki < k, 
i = 1,2, ...,n. 

If there exist i such that ki = k, then kj = 0,Vj 7^ i. This implies the intersection looks like 
the one in Lemma 13.161 and k < q. 

If < fcj < A; — 1, Vi G [n], then the intersection looks like the one in Lemma 13.111 and k < nq. 
The above two cases are disjoint now. By Lemma 13.161 and Lemma |3.12| we get 

E in^i= E = E + E =Uk + Vk 

sCS,\s\=k Tes ki+...+k„=k,0<ki<k 3i,ki=k ki<k-l,i=l,...n 



where 



U.-n V - Ji-k)'!"-' 

^ h\t2l..U{q-k)l^ 

tl+t2 + ...+tq = k,0<ti<g ^ ^ « ^ 



^9' J<]-k)g" 



E 



(q-k)r ^ tx\t2\...ta\ 

' ti+t2+...+tq=k,0<h<g ^ y 

n 

Vk = q E (n^(9'^:'))«"^='^'"''^ 

ki+...+k„=kfl<ki<k-lfl<ki<q j=l 

Hence, 

nq^ nq^ q nq 

= E(-i)'"'^^ = E(-i)'"'(^'^ + = E(-i)'^'^'^ + E(-i)'^'^^' 



fc=l k=l k=l k-1 



□ 
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In the following, we will reduce the formula \C*^\ when q = 2 and compare it with the one in 

2 2n 



fc=i fc=i 



where 



2! ^/o_!c)2"-l 



Uu-n V - 2(2-^) 

^'"^ ^ ti!t2!(2-fc)! 

ti+t2=fc,0<ti<2 ^ ^ ^ 
n 

A:i+...+A:n=fc,0<A;i<fc-l,0<A:i<2 j=l 

A simple calculation shows that Ui = 4n2^" ^ = C(n, 1)2^2^" ^ and C/2 = 4n. 
V^i = since the condition of the sum is not satisfied. 

n 

^2 = 2 E ([[C{2,kj))2^U^^-''^) = 2)2322" 

fci+...-|-fc„=2,0<fe,<l j=l 

When 3 < /c < 2n 

n 

H = 2 E C[\C{2,k,))2^U^'-^^) 

ki+...+kn=k,0<ki<2 j=l 

= C(n,A:)2'=+i22""' + ^ C{n,t)C{n - t, k - 2t)2''-^*+^ 

l<t<L|j 

Hence, when g = 2, 

|C;j = -4n+ E (-lf+'C(n,fe)2'=+^22"-^ 

l<fc<n 

+ E (-1)''"^ E '^(^,0'^("--*,^-2i)2*^"^*+^ 



When n=l, 2, 3, 4, one can obtain (without calculator) the sequence 4, 14, 120, 3514. These 
results are consistent with those in [2]. By [2], the cardinality of C*^ should be 



|C;j = 2((-l)--n)+ E (-l)'+'C(n,A;)2^'+i22 



i2" 
l<fc<n 

So, we obtain the following combinatorial identity (for any positive integer n). 



E (-1)''"^ E C{n,t)C{n-t,k-2t)2''-^'+^ = 2{{-l)'' + n) 

3<k<2n l<t<L|j 

The left sum should be explained as if ?i = 1. As usual, C(n, /c) is if /c > n. 

For general q, from Lemma[321 we know |Q J = qi'"-i"~\ since C*^ = Uie[n] UaeFUbGFQ,^' 
we obtain \C*J < ng2g(9-ik"-\ 

In order to get an intuitive idea about the magnitude of all the cardinality numbers. We will 
find their asymptote as n ^ 00 or g ^ 00. 

We have the following notation 
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Definition 3.19. f{x) ^ g{x) i/lim^^oo f(fy = 1- 

Now, we can list all the cardinalities asymptotically, we have 
Theorem 3.20. 



,(<?-i)g" 



(g-l)g" 



ICJ ^ ngg('?-l)''"-\ \C*\ I nqq^^-^)'^^-'- 



Proof. The first two rows are previous lemma and corollary. 

We will give a proof for the last row, the others are similar and easier. 



nq 



1 



k=l k=l 

U, = y ] = nq'q^"-'^'^"-' . 

(q-iy ^ tx\t2\...ta\ 

When 2 < /c < we have 

^ ' ti+t2 + ...+tq=k,0<ti<q ^ 0<ti<q,i=l,2,...,q 

= ng!g(«-2)9"''(g + l)''. 

So, lim^^oo ^ = for 2 < < Q. 

Vi = since the condition of the sum is not satisfied. 
When 2 < < ng, we have 

n 

Vk = q ill^iQ,k,))q^U(''-''^) <q ^ (ng!)g(''-i) V 

fci+...+fc„=fc,0<A:i<fc-l,0<fei<(2 j=l 0<ki<q,i=l,2,...n 

= g((? + l)"7ig!g('?-i)''?""'. 

Hence, 

nq 



J2i-^)'~'Vk\<nqq{q + irnq\q<^ 



k=l 
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We obtain 

\2„n — 2 



r IEfcli(-l)'"^^fel ^ r ngg(g + l)"ng!gfa-i)^'?"-^ (g + Ifng! 
iim — < lim —. — 5 = lim — — 5- = 0. 



In summary, we obtain 
In other words, 



K 

lim 



1/^* I ~ 2 fa-Do" 
From the above proof, it is also clear that we have 



In other words, 



□ 

When q = 2, the first part of the last row in the above theorem has been obtained in [2]. 

4. Conclusion 

In this paper, we generalized the definition of Boolean canalyzing functions to the functions 
over general finite fields Fg. We obtain clear characterization for all eight classes of canalyzing 
functions. Using Inclusion and Exclusion Principle, we also obtain eight formulas for the car- 
dinality of these classes. The main idea is from [1] and [2]. Actually, the characterization is 
motivated from a simple lemma in [1]. The enumeration idea is a natural extension of [2]. By 
specifying our results to the case q = 2, we obtain the formula in [2], and derive an interesting 
combinatorial identity. Finally, for a better understanding to the magnitudes, we provide all the 
eight asymptotes of these cardinalities as either n — )• cxo or g — > 00. 
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